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Let the equation
Lim=a®y™+a®y™ V4. . e, Oy=FO+c@) /) CE
with initial conditions
yO =y O =...y"VO)=7(0)=0 (2)

describe a tracking system whose input is supplied not only with a con-
trol function f(t) but also with its derivative f'(t), amplified by a
variable amplification factor c(t). for the purpose of improving its per-
formance. It is assumed that the function f(t) arriving at the input of
the tracking system has been filtered free of high-frequency noise and
interference. Nothing is known about f(t) except that

[ @®1<m (3)

and f'(t) has a finite number of points of discontinuity in a finite
interval of time.

The function c(t) must satisfy the constraint
e I<M (4)
The error signal y(t) — f(t) will be denoted by &(t , f(T), c¢(T)).

Let us assume that at a fixed instant of time T the modulus of the
error signal must not exceed a given value for any value of f'(t) satis-
fying (3), that is:

SI}PIG(T»f(t), c@I<A4, Jf@Ism,  1€][0,7T) 9)

and let the inequality
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izéf stfxp 18(T, f (D), e())=A"<T A

e@I<M,  |f@i<m,  tE[0, 7] ®)

be satisfied.

We shall now formulate the problem. In the set of integrable functions
c(t) satisfying the conditions (4) and (5), required to find the function
n(t) for which

il;f S;lpléf’(,T» F(), () 7)< m, tE v, T

will be true.

At time T the values of y(T) and f(T) agree to the best first-order
approximation possible for the given conditions for any f(t) satisfying
(3).

The problem considered here is directly related to Bulgakov's method
of accumulated perturbations [1], since all that is known about f(#) is
the condition (3).

It should be noted that the method of supplying a linear combination
of the control function f(t) and its derivative is fairly widespread in
practice.

In & number of cases the control function may be differentisted
exactly in practice, for example, when f'(t) is obtained by means of a
tachometer. In other cases, for example, in the case of differentiation
by means of RC networks, the error in finding the derivative consists in
the fact that instead of the function f (t) one obtains the function
s(t), which is a solution of the equation

T*_C_léi S - df
+8= G

For sufficiently small values of the time constant T¥, S(t) = ey,
In the present note it is assumed that the differentiation is exact. How-
ever, the statement of the problem remains meaningful even for the case
when S(t) is supplied to the input of the system instead of f'(t).

We shall assume in what follows that in the interval [0 ) where
Ty > T, all coefficients a; (D of Equation (1) are functions whlch have
n — i continuous derivatlves and ¢,(t) does not vanish in {D T 1. These
conditions facilitate the calculation of certain functions 1ntroduced
below. Representing f(t) in the form
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1

f=\7 @
0

and changing the order of integration in the resulting repeated integral,
taking Equation (2) into account, the error signal &(T, f, ¢) may be re-
presented in the form

.
8(T. 1) = { [Ko(T. %) e (K (T, 0] (x) de
0

V. (7)

KolT, 1) = W (1)

e

K (T, u)du—1, ZJ,( )a(r)

Here yl(t), y2(t), e, yn(t) form a fundamental system of solutions
of the homogeneous equation corresponding to Rquation (1), W(T) is the
Wronskian of this system, and Wr(T) is the cofactor of the element of
the last row and rth column of the Wronskian. Therefore

K(T,T)=0, Ko(T,T) = —1

Let us recall that the functions Zr(T) = Wr(T)/ao(T)W(T) form a funda-
mental system of solutions of the equation

M (Z)= (— )" (@)™ + (— 1) @Z)™ V4 — (e, 2) +a,Z=0 ()

Here Mn is the operator conjugate to Ln.

Since c(T) and f'(T) are integrable, K(T, T). Ko(T, T), and their de-
rivatives with respect to T are continuous in T and T and K(T, ) =
KO(TZ ) = -1, it follows that

8T, f.e) =\ [Kd (T, 1)+ c (V) K" (T, )] ' (v) dv — f'(T)

S

if f'(1) is continuous in T. If f'(71) has a discontinuity at T, then for
the derivatives from left and right, respectively, the second term of

the formula is equal to f'(7;0) and f'(140), respectively. The deriva-
tives of KO(T, T) and K(T, T) are calculated with respect to the argu-
ment T. Since f'(t) is not known in advance and merely satisfies the con-
dition (3), it follows that

T
sr;pzw./,c)::mg | Ko (T, )+ ¢ (v) K(T, 7) | dv
o
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T
sup |8y’ (T, 1,0 =mS [ Ko (T, T)+ ¢ (¥) K" (T, 1) [dv + m
0

Therefore

inf sufp &l (T, f. ol infm\ | K¢ (T,%)4-¢(T) K'(T, 1) |dt
c [

S e T |

will be true for the same function Cmin(T)'

It is shown in [2] that (6) is true for the function c°(T):

. Ko (T, 1) Ko (T, 1)
W =—g(T v o T(T_~r)—|<M
Ko (T, Ky (T,
¢ (1) = — M sign Ko((T ,:) for \%l} M
We set
Ko(T,0) + ¢ (0 K(T,1) = N (¥) + ¢ (M K (1)
K (T, D +c(m) K (T, 1) = R(1) + 9 (1) G (7)
where

N =Ko (T, 1)+ (*) K(T, ), R(t)=K¢(T,T)+c (V)K" (T, 1)

QM) =c(t)—c(v), K@W=K(T, 7, GW=K(T,1
a()=—M—c (PN KM—c"(1)=0b(7)

The above problem is thus equivalent to the following:

On the set D of functions ¢(T) satisfying (11) and the condition

T

Q(®) —mS [IN(D+ oK (1) |dr< 4

0

required to find the function ¢ . (7) for which

T
infE(cp):infmSIR(T)-{—(p(r)G(‘r)]dt
P @ 0
We set
R (7) R(x) |
¢° (1) = a (1) for——-G—(T—)—\{\a(r), @ (7) =b (1) for-—G(T))
(1) R(7)
O =—T7ar for a (1) < — g <o

Let o(y) be a subset of [0, T such that if T Eo(y), then

b (v)

(8)

9

(10)

(1)

(12)

(13)
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G P c
K§:§‘>y, yE[B~, BY], B"=ing((%;~' B+___s!:p Kg;

¥We now consider the function y(T, y), dependent on the parameter y,

YY) =09°(r; for tEs(y), Y(t, =0 Tor t&r W =[0,TI\ s

and the function

T
©@w=m\ |N@®+pEy K|

]
Let us now note that for any arbitrary constant d the equation
G (%)

m =4

can have only a finite number of zeros in the interval [0, 7}, In fact

CEm= Ny MZ @, K@= 3 (TNZ.(

r==1 r==)
n

2° (1) =G (v) —dK (1) = D) [y, (T) — dy, (D] Z,(v)
r=1

In the last equality at least one of the coefficients yr'(T) - dy (D
is different from zero, since otherwise the Wronskian would be equal to
zero. Therefore, Z°(T) is a nontrivial solution of Equations (7). But
this solution can have only a finite number of zeros in the interval

{o, 13. The function ®(y) is continuous and decreases monotonically as y
varies from B to B'.

Indeed, if y, > ¥, then c(yz)(: o(y;). Therefore !w(T, yl)‘ >
’\P(T- .72)! .

It follows from (8) to (11) that if N(T)y(r, y)K(T) # 0, then

sign [NV () 4 (T, y) K (1)] == sign N (1) = sign ¢ (7, y) K (7)

These equations may be obtained as follows: We have

. . K
sign N = sign K,, c°::.—Msign—fo—, Kol >MIK |, P =9
and therefore

- -

K K
a==M (»«- 1 -+ sign —f—)g LM (1 - sign To—>= b, —-_M << Msign“kg —¢ M
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Since
] K v
N+YK=K — K(M&gn—f(:- --(p"j
it follows that
sign (N - PX) = sign K, == sign ¥

Moreover, sign yK = sign @OK = sign K; = sign N, since

K K
—2M <O if signp =—1,  0<g <<2M  if sign g =1

Therefore O(y,) > m(y,). The continuity of ®(y) follows from the above
noted property of G(7)/K(T). Two cases are possible: either ®(8 ) > 4 or
(B ) < A

In the first case
Pin () = P (T, %o) = ¢° (1) (14)
where y, is the smallest root of the equation
D (y) == 4 {15)

Equation (15) has at least one root, since

T
(D(B*):ms INO)|dr=A"< A
0

It follows from the above that y(T, y. ) w(T, y ) if Y and Y satis-
fy (19).

In the second case
Pryin (1) == ¥ (T, B7) = g7 (1)
It is evident that yO(T) and ¢°(T) belong to the set D.

We shall prove Equation (14). Let ¢(T) be an arbitrary function be-
longing to D.

Noting that for any T belonging to a(yy) we have
It X
Rl HIVI>| g +o +w|—— Grel=|glrvizivi—iel

G —
K (P‘ > Ky for p E35(m), vE Myo)

P
T +ol>lc

Ml |

A
m

11V+\p1{]cl-r—5|\1df+ \ [yl K | dr - -.'_- + S»]qf\t_/{]dr

a (u.) o ()
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T T
9..‘31:-8;N+q>1{idc;> ;41+S [ K |dr
m . m

0

it follows that

T

SI!R+¢GI—~1R+moGt}dr= 5 !Kii"glf‘;[‘g”+‘pi*'lg+¢° }dtu;-
’ \ 6 {Y) .
v LGl ol e 2§ | o]

|
Jore § 01111l )

~|g+v e >
A ()
= G K O] - dt — G | K@l de =
> |55 G(SWI (w0 = feler — | 245 MSW loid
1 GEN |4 =) _| 6N | K10 ds —
l K (%) m 1 K {x%) . (Sy')’ lofdr
G(T**) . 11 G{%) L L
S § ikieie > | LEL - — @@~ a0

A )

It is thus shown that if E(¢) is attained on ¢°(T), that is, Equation
{14) is valid. Pormula {(18) is proved in a similar manner.

Let us consider the computational side of the above problem. The de-
termination of the function K(7, T) reduces to the calculation of the
fundamental systems of equations (), ¥, ooy YD) and Zl(t),
Zy(t), ..., Zn(t). The methods of finding these solutions by means of
high-speed digital computers or analog computers are well known. There-
after the functions N(T), R(T), ¢°(T) can easily be found. Since ®(y) is
a monotonic continuous function, a suitable method for solving Equations
(15) to a predetermined degree of accuracy is the well-known numerical
method of successive approximations called the rule of false position.

From the above property of the function G(T)/K(T) it follows that for
any given y the set o(y) consists of a finite number of intervals. The
boundaries of these intervals are the roots of the equation

G ()
Kty ¥

Finding the roots of this equation is equivalent to finding the zeros
of the solution
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"
2 (1) = D) Iy, (1) —w, (DIZ, (¥)

r=1

of Equations (T), which may be done by means of digital or analog com-
puters, The calculation of the value of the function @(y) after finding

the structure of the set o(y) reduces to the calculation of a finite
number of intervals.

To illustrate the method of finding the function O(y), we shall con-
sider an example.

L.et the equation
Yy ry=f@)+c{t) ), y(O)=y O) == f{0)=0, /7O <m je)|<M
be given.

As is known, for this equation K(T, 7y = sin(7T - 7). For simplicity,
we set T = 2wn, where n is a positive integer. Then

.,
K(T, 1) =-—sint, K, (T, 1) =SK(T, uw)du —1 == — cos (T — 1) = — cos T
1t

K (T, t)y=cos{(T —1)=cos T, Ko (T, t)y=5sin(T —1)= —sint

C(r)=—cot 1if |cor|HM, C(y=—Msigneett 1if Jcott|>M

Using Formulas (10) and (11), we obtain

N (t)=0, R (1) == — colech ¥ (| cott| M)
N(t)=—cost 4 MsinT, R(t)=—sint-—~ Mcost {ecot T > M)
N{(t)=—cost— Msinrt, R{(t)= —sint+ Mcosv {cot T < — &)

a(t)=—M-+ cot T, b)) =M+ cot T (] eot T| < M)
a(t)=0, b (1) =2M (ot 1> M)
a(-:):——ZM, b(t)==0 (cott<~ﬁf)
Ry { “__%_* ;
T Ty T sintceost T sin2t (i cot 7] < A1)

Gﬁ)w ] Rﬁ)_9n1+kM%t“

TWWF~MT’ TG\ T T cost =un T+ M (eot T2 M)

() sint—Mcost _ :
- = e =tantT—M (cot T — M,

Consequently, T € o(y) if — cot T 2 y. Let T, be a value of cot '(-y)
belonging to [0, w). Then o(y) consists of the intervals [v . =], [v +
T + 21r] ..., T,*t w(2n - 1), 2mwn). We assume for the sake of definite~
ness that M > 1. Then from the determination of q>°(t) it follows that
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@° (1) == tanT + M (cot T > M)

9°(t) =tanT - cot ¢ (M=ot t| > M)
¢° (1) == M + cop T (M2 et 73> 0)
PO=— Mt (=M ot T 0)
¢°(t) =tn1T— i (ecot T — M)

In the interval [0, )

Yy =¢(v) if vefr,al, P y=0 1if 1[0, 7,

Let
cotTy == M, t Ty == M1 (To, T E [0, ﬂ])

Then for y < - ¥

T

d1 --|—

T
| —costT <4 Msint|dt 4 S ___'l_.,
€OS T
T

ldf-{—

COS T

O (y) = 4nnm {

XS oy

n/9g n—Ty
+ S | (M - cov T) (— sin 7) | dT + g | (— M+ cotT) (— sin ) jdv 4+
T ﬂ72
1
+ﬂ_1 l—cos:r (dt_*_ns l_cost ‘dt}
1/1 Fi—1 (V1+M2+M)=‘J}
M

=4 A—=My 2 M .1_]
—ion (i +2 M o [y (e

Performing similar calculations, we find that
Vityi—1 (V1+M2+M)2]}

I 1
O(y) = 4nnm{V1+ M:+2—MAH-5In [VT‘+yi+1 Vi+Mi—M
(—M <y <—M)

® (y) = 4nnm {Vm +2—M— ]1/111y—i—{——1 + j In “—‘1‘//: i“ﬁ—:i—“M—
(— M1 <y<0)
(y)—énnm{]/l-i- M4——M+W:;% tn :;:Iﬁ?g O<y< M)
® (y) = 4mnm {VH_—ATZ——M —}—%hr %_—:;yj—i!} (M- <y<< M)
L fm VLIS g o

DY) = dunm 2V I+ M2 — M — ———=
@ { v Vit V1+
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We note that

VIE M4 M
Vi+ MM
@ (Bt) == 0 {00)== 8uam [V 1+ 2 — M|

@IB7) oz @ (— o0) = 4ntnm [2 + In
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